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In the present paper there are three exact solutions of the problem of motion 
o f  a r i g i a  b o d y  w i t h  a f i x e d  po~n~ w h i c h  c o n t a i n s  c a v i t i e s  f i l l e d  w i t h  a n  
i d e a /  l i q u i d ,  t h e  f i v e  unknown v a r i a b l e s  a r e  a l g e b r a i c  f u n c t i o n s  o f  t h e  s i x t h  
one ,  Whose d e p e n d e n c e  on  t i m e  i s  d e t e r m i n e d  by  q u a d r a t u r e s .  The f i r s t  two 
solutions are 8ezlerIllza~lo~s of the intepabillty case of Steklov [i] and 
Kowalews~.i IS], arAd the th~ solution co,Ides with the solutlon which was 
prevlously obtained by Goriaahev in [3]. In th~ last case the motion of the 
body has the k~eBatlc explanatlon b~sed on the equation of a stablonary 
h o d o g r a p h  [4]. 

I. ~ @ ~  @f ~ @f a b@4~. We shall use a special rectangular 

coordinate system [5] fixed in a body. be first ay~Is l~asses throuEh the 

fixed point and through the center of gravity. The secgnd and third axes 

are so selected that in the expression for the kinetic energy, which is the 

quadratic form component in x, 7, z of the angular momentum 

2T = ax  2 q- alb '2 -~- a,,z 2 + 2 (bly q- b2z) x 

t h e  t e r m  c o n t a i n i n g  t h e  p r o d u c t  yz  i s  a b s e n t .  I n  s u c h  a c o o r d i n a t e  s y s t e m  

the problem is reduced to two first order equations [6] 

[(a2z A- b~x) (y -4- ~"1) - -  (alY q- blx) (z A- ~,)] [(y -1- ~1) dz / dx  - -  

- -  (z ~, ~,2) dy / dx] + (az -~ blY -Jr- b,z) [(g -I-" ~,1) "~ + (Z + ~,,$)2] + 
q- (X ~- ~,) IV2 (ax 2 ~- aly 2 ~- a2z ~) -f- (big --5 b,z) z - -  (alY -I- bxz) x 

x (y -f- ;~) - -  (a2z ÷ b2z) (z q- X2) - -  E l  - -  k = 0 (1.1) 

{[(a~z ~- b2x) (y q- ;q) - -  (ad/ + blZ) (z A- Z,,,)] d!/ / dx - -  
- -  (aX "-~ bly + bzz ) (z --~ ~,2) -tt- (a2z -}" b2x) (x + ~))~' q- 

+ { [(aly ÷ b~x) (z -4- ~,2) - - (a~z  -q- b,z) (y + ~,0] d z / d x  - -  

-- (az + b,y + 4z) (V + ~) + (a~y + b~z) (z + ~,)}' + 
+ [V2(az  ~ + a x v  2 + a ~ z  z ) + ( b , y + b ~ z ) z - E l  ~ - r  ~ = 0  

26 
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Here k and E are, respectively, the area constant and enerEy constant, 

F is the weight of the gyrostat multiplied by the distance between the cen- 

ter of gravity and the fixed point, the constants k, k i , k s are the compo- 

nents of the angular momentum of the liquid in a circulatory motion. 

If from Equations (i.i) 

are found, then the dependence of the remaining variables on x are given 

by Formulas T = a/2 (a x2 + alY 2 + a2 z2) -~- (b,g + b2z) x - -  E 

T" = (ax + bly q- b~z) (g q- kl) - -  (aly -'r b~x) (x @ ~,) -~ 
+ [(a2 z q- b2x) (g q- ~1) - -  (a~g + bxx) (z q- ~,2)] dz  / dx ( t . 2 )  

T" = (ax ~- big -~- b2z) (z + ~2) - -  (a2 z + b2x) (x + k) + 
+ [ ( a l g  + blx ) (z + ~,~) - -  (a2z J- b2x) (g + Xx)] de / dx 

Here 
T = Fvl, T' -- Fv2, T" = Fv3 (1.3) 

and ~x, ~ou, vs are the components of the unit vector in the direction of 

the force of gravity. The dependence of x on t is established by the 

quadrature dx 
dt --  (azz -[- b2x) (g + ~1) - -  (a,g -~- blx ) (z + ~,2) (1.4) 

Equations (I.i) become considerably simplified if the principal axes 

coincide with the special axes (bl" bu* O) , and the vector k is directed 

along the first coordinate axis (k t - k s= O) . Using the customary notation 

for the principal axes x -~- Ap, y --~ Bq, z : Cr, a ~ A -1, a I ~- B -I, a 2 ~- C -I, 

we ca/% rewrite (l.1), (1.2), (1.4) as follows: 

dR [2Q+(A- -B)p2+2~ ,p l -d~-  p - -  [2R+(A- -C)pZ+2~ ,p ]  7y_p _~ 

+ (Ap + ~.) [Q - R + !c --AB)E ] __ (B--AC)k (1.5) 

B ( B - - C )  [2Q ÷ ( a - - B ) p  e ~-2~,p]~-~p/ C ( C - - B ) [ 2 R  + 

+(A --C) p' +2kp]  ( ~ ) 2  - + - A B C [ Q - - R  -+ (C--B) F ~ ] 2 = A  F' (B -- C)' 

_ , dO ~,,, .dR ( t  .6)  T---- (QB_c-R) A E,  7 ~ -  q dp , = r dp 

Adp / dt -=- (B -- C) qr (t.7) 

The variables ~ and R are replacing ~ and r 

r~ (B--C)C (A -- B) p2 + 2Lp + 2 Q 
A = ( 1 . 8 )  

q2 (C -:_~) B _ (A - -  C) p~ -{- 2Lp + 2R 

Differentlating (1.5) with respect to p we obtain 
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[2R + (A - - C ) p 2 +  2)~p] ~ "4-[-~p + (A - - C ) p  + )~]dd~ + 

dR  (Q - -  R)  A B  
+ B p  dp B --  C + B E  = 0  

f2 Q + (A --  B) p2 + 2~p ] d2R + 

+ Cp dQ (Q - -  B) AC 
dp B - -  c 4- C E  = 0 

II, ~ ea~l.tti, a w  lrm, ~ e=d,o~euo or ~ ~ l u t t e m .  
i n t r o d u c e  t h e  p o l y n o m i a l s  

(1.9) 

0.1o) 

We shall 

(2.t) 
(2.2) 

Q = bo + blP + b2p ~ + • • • + b,~f'  ( b  n ~ O) 
R = eo + Clp + c2p ~ -4- . • • + c.~p m (n >/ m) 

which satttD$" Equations (1.5). 

If we let m > 2 , and if in the identity obtained from substituting (2.1), 

(2.2) into (i.I0) we set the coefficient of p~n+m-2 equal to zero, then we 

obtain 2n2C (C - -  B)  c,,b,~ 2 = 0 (2.3) 

E q u a t i o n  ~ - B i s  n o t  u s e d  i n  t h e  d e r i v a t i o n  o f  ( 1 . 1 ) ,  c o n s e q u e n t l y  f r o m  

(2.1) and (2.3~ we have that o," 0 for all m > 2 s that is 

R = c o + c l P  + c2p? (2.4) 

The polynomial (2.I) cannot be of higher degree than four 

Q = bo + brp + b2p 2 + b3p3+ baP 4 (2.5) 

The polynomials (2.4) and (2.5) should turn (I.9), (i.I0) into identities, 

which leads to the following conditions 

b 4 [ 2 c ~ + A  -- C -- AB /16 (B -- C) ] = 0 

b 4 [12c 2 + 4 C - A C / ( B - C ) ]  = 0 

28b 4 (Cx + ~) + 9be [2c2 + A - -  C - -  A B  / 9 (B - -  C)] = 0 

4b4c l + b 3 [ t 0 c o + 3 C - - A C / ( B - - C ) ]  = 0 

24bac o + t5b 3 (C 1 + ~) --{- 4b 2 (2c 2 + A - -  C) + 2c2B - -  

- -  (b2 - -  c2) A B  / (B - -  C) = 0 (2.6) 

3bac 1 +  4c. (2b 2 + A - -  B) + 2b2C - -  (b 2 - c2) A C / (B - C) -= 0 

t2baco +6b2 (C a + X) + b  I (2c. + A - -  C) + ctB - -  (bl - -  cI) A B  / ( B - - C )  = 0 

6c 2 ( b ~ + x )  +c~(2b2 + A - -  B)  + b~C - -  (b~ - -  c~) A C  / (B - -  C) -= 0 

4b2c o + b I (c 1 + X) = B H ,  4c2bo + Cl (bi + )0 -= C H  

The c o n s t a n t  // replaces E 

H - =  (bo--co)  A / ( B - - C ) - - E  (2.7) 

Substituting (2.4) and (2.5) into (1.8) a nd  (1.6) and taking into account 

(2.7), we h a v e  
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q~B (C --  B) / A = (2c~ + A - -  C) f + 2 (cl + X) p + 2Co (2.8) 
r~C(B - -  C) / A = 2b4p 4 --b 2b~p 3 + (2b~ -}- A - -  B) p2 _+_ 2(bl -t- ~) p + 2bo 

T =  [A/(B - -  C)I [b4p 4 + b3p 3 +  (b2 - -  c~) P2 + (b~ - -  c O p]  + H 

T' = q (4b4p ~ + 3b3p ~ + 2b2p + bl), T" = r (2c~p + Cl) 

The dependence of p on t is found from (1.7) 

BC (dp / dt) 2 = [(2c2 + A - -  C) p2 + 2 (C 1 -~ ~,) p + 2co] [ 2 b 4 /  + 2b3p 3 ÷ 

+ (2p~ + A -  B ) f  ÷ 2 (b 1 A- ~) p -]- 2bol (2.9) 

Since Formulas in (1.5) are the first integrals of Equations (1.9) and 

(l.lO),then the relations following from the requirement that (2.4) and (2.5) 

make (1.5) an identity, turn out to be the consequence of conditions (2.6), 

with the exception of the relations constraining the constants k and F : 

(bc~a cob~'~ A .  2(boca--cobl )  A F 2 = H2-t - 2 (2.10) 
k = ~H -5 B -- C ' ~ ;B----C 

The three different solutions of Equations (2.6) lead to the three par- 

ticular cases of Integrability of the equations of motion of a body with a 

fixed point. These solutions are given in the Sections 3 to 5. 

3. be ~'~,Zql~ IlO~.U~l.On (~ - 2), When b,= bs= 0 then Equations (2.6) 
are satisfied by 

(A - -  B) (A - -  C) (A - -  B) (A - -  C) 
b2 --- 2 (2C - -  A) ' c2---- 2 (2B -- A) 

C (2B - -  A) { 3BC - -  A C  - -  B z [A a 2A * (2B -~ C) -!2 (3.1) 
bo----2(A_B) (A--C) H--~ (2C--A) a(2B-A) a 

- I - A B  (3B + 8C) - -  B C  (5B -[- C)I t 

B (2C - -  A )  [ 3BC - -  A B  - -  C 2 
co : 2 (~I~-~ ~ )  ( ]  ~ C) t U  - -  k2 (2B - -  A) 3. (2C - -  A) a [A3 - -  2AZ (2C -[- B) -b 

+AC (3C q- 8B) --  BC (50 + B)]} 
Substituting (3.1) into (2.8) and (2.9) we obtain the first of the two 

solutions presented without derivation in [7]. The constants k and P 
are determined from (2.10) and (3.1) in terms of A, R, ~, k, H • It is 
natural, however, to assume that F is prescribed and to express H in 
terms of F • We have 

/r, + ~ ,A (B - -  C) 2 (B Jr C - -  2A) [2A °- - -  3A (B -~- C) -b 4BCI 3,]~'/,+ 
H + 

4 ( A - - B )  2 ( A - C )  2 ( 2 B - A )  4 ( 2 6 - A )  ~ 

~)A { [N / 2 (A - -  B) (A - -  C) ( 2 B - - A )  2 ( 2 6 - A )  2 ] - t } ] ( 2 B - A )  ( 2 C - - A )  

where 
N = 2A*BC -+- A 3 (B -}-C) (B ~ - -  8BC --~ C ~) -t- 26A~B*C 2 - -  

- -  i 2 A B e C  2 (B -~- C) + 2B~C 2 (B + C) ~ 

The two values of the parameter // lead to the two variants of the derived 
solution. This has been noticed by Kuz~rdn [8] for the Steklov's solution[l] 
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(which in this Section can be obtained by setting k - 0). 

1~. ~ e  |SOrdid |O~,U$'l@lfl, ( ~ .. $ ) ,  Let b4 : 0, b ~ - - b  ~ 0. 
A, B, C are related by 

A = i8C (B - -  C)/( tOB - -  9C) 

then in thls casethe coefficients of the polynomials in (2.a), (2.5) are 
determined from (2.6). 

We also find 

3 3(7 - -  2B 3C (3C - -  2B) 2 (3C - -  4B) 
c 2 = ~ - C t 0 B _  9(3 ' c x = - 2 ~ -  b (10B - -  9C) ~ 

co = £2 t 0 B  - -  9C 3 ~ (3C - -  2B) (2B - -  C) 816' (B - -  C)2(3C-- 2B) s (3C - -  4B) 
4BC - -  2-  b 10B - -  9C - -  b2B (10B - -  9C) a 

b~ : -  - -  3 (3C - -  2B) (27C ~ - -  54BC + 22B ~) 3 i 0 B  - -  9C 
2B ( t0B  - -  9C) ~-  b~. B C  

bl----- b~ 2 9C)~ -~ 8 ~  (729 C a - -  1917 BC 2 + t 512 /~C  - -  388 B a) -[- 

3 (3C - -  2B) z (3C - -  4B) 
-]- 8" bB 2 ( t 0B  - -  9C) (243(73 - -  648BC n q- 495B2C - -  i22B a) 

b~ 3 ( i 0B  - -  9C) 3 ~2 i 0 B  - -  9C 
b° : - -  "8 Bnc  a - -  48BaC 2 3C - -  2B (2i87Ca - -  7533 BC a -~- 9234BaC a - -  

k 3C - -  2B 
- -  5036BNC + 1064Ba) -~- ~ B2C ( lOB - 9(/) (729Ca - -  2754BCa @ 3951B~C2 - -  

3 (B - -  C) (3C - - 2 B )  a (3C - -  4B) 
- -  2582BAC -}- 632B4) - -  t 6 B  3 (10B - -  9C) 3 (2 |87Ca - -  5832BCa + 

+ 4 | 3 t B 2 C  2 -  30BsC - -  488B 4) 

Substituting these values into (2.8) and (2.9),we obtain the second solu- 
tion, which is derived in [7]. 

~. ~ ~ |O.%Ull~dm ( n " ~ )o / ~ s ~  that b 4 ~ 0 , we require 
that the parameters of the system satisfy the following conditions 

)~ = 0, A = 1 6 C ( B - - C ) / ( 9 B - - 8 C )  (5. t )  

Equations (2.6) glve 

4C - -  3B l i B  ~ (9B - -  8C) 
c a = C 9 B _ 8 C  ' c I = 0, c ° = - - 8 ( 4 C - - 3 B ) ( 2 C - - 3 B ) ( 2 C - - B )  

b , =  2C (4C - -  3B)2 ! 4 c  - 5B) (2C - -  3B) (2C - -  B) , 
/ I B  2 (9B ~ 8C) s b e = 0 (5.2) 

2 (4C - -  3B) (2C - -  3B) (2C - -  B) 9B - -  8C 
b2 = ~ B ( 9 B  8C) , b 1--~ 0, b ° =  4 ( 4 C - -  3B) H 

and  from (2.8) we find 
t 6C 2 4 B C H  

q~q- i9B - -  8C) 2- p2 : (4(7 - -  3B) (2C - -  3B) (2£7 - -  B) (5.3) 

64C (4C - -  3B) a (4C - -  5B) (2C --- 3B) (2C - -  B) pa _ 

(9B - -  8(7) ~ B~t t  (5 .4)  

16 (4 C -- 3B) (16C ~ . 28BC,- {- 9B ~) 

If the quantities 

8 H  
(9B - -  8C)aB P~ -~" 46' - -  3B 
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32C 2 (4C : -  3B) 8 (4C - -  5B) (2C - -  3B) (2C - -  B ) p 4 _  
T = • H B  2 (9B - -  8C) 4 (5.5) 

16C (4C - -  3B) (8C 2 - -  t 5 B C  --f- 6B ~) 
- - "  B (9B - -  8C) 2 P~ ~ H 

8C (4C - -  3B) a (4C - -  5B) (2C - -  3B) (2C - -  B) [ B (9B - -  8C) 2 H ] 
T ' ~  H B  2 (9B - -  8C a) " P~/ P 2 - -  2C (4C - -  3B)2(4C - - 5 B ) J  

4C - -  3B 
T" ~ 2 C 9 B _ 8 C  p r  

Gorlachev [33 obtained the same solution in a different way. The condi- 
tion k = 0 is satisfied always when liquid filled cavities are absent. 
Besides A < R+O , R < A +C • This, together with (5.1) gives 

0.375 S < C < S (5.6) 

From (2.10) and (5.2) we have that k = 0 , H = --F . The minus sign in 
the last relation was chosen for the following reason: when H = F > 0 then 
by (5.3) we have that 0.5B< C <0.75R, and all terms on the right-hand side 
of r(5.4) are negative. The requirement that at H -- P the quantities D, 
q, satisfying (5.3) and (5.4) must be real, constrains the interval (5.~) 

into 0.375 B < C < 0.5 B (5.7) 

From (5.1) and (5.7) we conclude that R ~ A > C , which means that the 
center of gravity of the body is on the mean axis of the ellipsoid of inertia. 

" o>co 

Fig. 1 Fig. 2 

Let us express the components of the angular velocity in ~7~ units and 
introduce the dimensionless parameter c = O/R • From (5.7) we have 

0.375 < c ~ 0.5 (5.8) 

Introducing the new variable ~ and remembering the notation in (1.3) we 
can write the solution (5.3) to (5.5) in the dimensionless form 

( 5  - -  4c  ~'i, 9 - - 8 c  -i/-~, ' q =  2c ] / a  ° - ( ~ ,  r =  2 \ ~ ( ( ~ o - - ~ ) ( ¢ 1 ~ - G )  
P - -  2 (3 - -  4c) ~ ](5.9) 

6 - -  15c -b 8c ~ 5 - -  4c 
~ 1 ~  - - t ~ 4  3 - - @  a - - 2 ~ ° z  

= 2 5 _ _ 4 c {  2 ) , 5 - - 4 c  )% 
vi ~ \ 5 ~ _ _ ¢ ~  g ~ ( a o _ _ ( ~ ) ,  V a = - - 2 ~ ( O ' o - - O )  (o1-+-(~) (5.10) 
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H e r e  

(~1~ 

3 .... 4c R ( c ) +  9 - - 2 8 c - - i 6 c  z 
(3 - -  2c) (1 - -  2c) '  (~0 = '2 (5 - -  4c) (3 ~ 2c) ( i  - -  2c) 

R (c) ~ 9 -~- 28c  - -  i6c~ 
2 (5 - -  4c) (3 - -  2c) ( i  - -  2 c ) - '  R (c) := V ( 3  ~ 4c) (27 - -  920 + 96c ~ - -  32c ~) 

~ n  t h e  i n t e r v a l  (5.8) 
0 < ~ o ~ o  °, 0<:(~ ( 5 . i l )  

T h e  t i m e  d e p e n d e n c e  o r  o c a n  b e  o b t a i n e d  b y  s u b s t i t u t i n g  ( 5 . 9 )  I n  E q u a -  
t i o n  (i.7) which has been previously put into the dimensionless form 

de /d~  = ~ f 6 ( ( ~ o - - a  ) ( o ° - - a )  ( a l +  o)  ( T =  t V(5 4c) r/BG°c) (5 .12)  

From (5.12) we are able to conclude that a is an elliptic function of 
time. Varying within its bounds 

0 ~ o ~ ~o (5 .13)  

£t moves from one bound to another in a finite time. 

6. ~ ~ .  The motion of a body with a fixed point can 
be regarded ~ the roll~ without sllp Of a curve fixed in the body (the 
moving hodograph of the angular velocity) on another curve fixed in space 
(the stationary hodograph of the angular velocity). 

in the case which was considered in the previous Section the moving hodo- 
graph Is given by Equations (5.9). This curve is the intersection of the 
elliptic cylinder |6 c 2 4c z 

q2 _~_ (9 - -  8c) 2 p2 = (3 - -  4c) (3 - -  2c) ( t  - -  2c) 

with the fourth order cylinder 

8c (3 - -  4c) (9 - -  28c -+-  16c 2) (6. t )  
r ~ - - 3 - - 4 c  + ~6 ( 9 - - 8 c )  2 P ~ - -  

- - 6 4  .(3 - -  4c)a , (5  - -  4c) (3 - -  2c) ( t  - -  2c) P~ 
(9 - -  8c) 4 

The directrix of the cylinder (6.i) Is symmetric with respect to p and 
r . When ¢~ co = I/~ (7-- ~) this curve is concave, when c < c o It has 
inflection points (Fig.l). The corresponding moving hodographs are shown in 
Fig. 2 .  

Let us introduce a stationary c~lindrlcal coordinate system ~, 0, a, the 
~-axis along the unit vector (see ~l.13)). The fixed hodograph of the 
angular velocity is given [4] ~y Equations 

_____ p 2 _ ~  q 2 ~ -  r 2 (0~ p v  1 ~-  qv 2 -~  rv3,  o)p ~ - -  o)~ a 

~ d a  = ( r v  2 ~ qva) dp ~- ( pv  a - -  rv l )  dq -~ (qv  I - -  pv2)  dr 

We shall substitute here (5.9) and (5.10) 

c o ~ -  3 - -  4c 2 + 2c (5 - -  4c) (~ "~ (5 - -  4c) (3 - -  2c) ( t  - -  2c) (~z (6 .2)  

a)p2 = k o ~ kl(~ - -  k , o  2 ~ ksoa - -  k~O 4 _ k5c~5 (6. 3) 

d a  II  (o) (6 .4)  

da - -  n , o / ( a )  1 / ( 0 o  ' o) (00 - o) (at + o )  
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H e r e  
4c (6 - -  t 5 c  ~ 8c ~) 27 - -  t 2 0 c  J r  t 59c  2 - -  64c a 

k ° =  (3 ~ 4 e ) ( 3 - - 2 c ) . ( i - - 2 c ) ,  ' k 1 ---- 4 ( 3 - - 4 c )  ~ 

(5 - -  4c) 0 8  - -  8 i c  q -  96c ~ - -  32c a) (5 - -  4c) (27 - -  96c -~  80c ~ - -  i 6c  a) 
k S -~ 2 (3 -- 4c) 2 ' ks  = (3 4c) ~" 

r(5 - -  4c)2 (3 - -  2c) ( t  - -  2c) (5 - -  4c) ~ (3 - -  2c) 2 ( t  - -  2c) ~ 
k 4 = 4c (3 - -  4c) 2, ' k5 = ( 3 - : - 4 c )  ~ 

n = (3 - -  4c) ] / : ( 3  - -  4c) (5 - -  4c) (3 - -  2c) ( l  - -  2c )  

H (a) = n o - -  n l a  - -  n=G 2 - -  nag s + n4G 4 (6.5) 

27 - -  69c -~- 48c ~ - -  8c a (5 - -  4~) (8c - -  3) (7 - -  t 6 c  -~  8c 2) 
n o ~ 2c n 1 -~ 3C ( 3 - - 2 6 )  ( t - -  2c)~ ' ( 3 - -  2 c ) ( 1 - - 2 C )  

n2 = 3 (5 - -  4c) ( - -  t 8  - k  i 07c  - -  176c 2 ~-  80c 3) 

n a = ( 5 - -  4c) (3 - -  2c) ( t  - -  2c) (63 - -  i 72c  -~  96c 2) 

n , =  3 ( 5 - - 4 c )  ~ ( 3 - 2 c )  2 ( t - 2 c )  ~" 

The fixed hodograph (6.2) to (6.4) is on the surface of revolution whose 
meridian is given by Equations (6.2) and (6.3). 

Constructing this meridian we take into a¢cotmt that in the interval (513) 

o ~ ( 0 )  = 0, ~ ( a . )  = 0, m i n c o ~ ( ~ )  = ¢ o ~ ( o * )  < 0 ,  0 ~ G * < o . < a  o 

b e s i d e s  

o .  = { V 2 7  - -  96c q-  i t O c  2 - -  40c 3 - -  c V 2  (5 - -  4c)} {(3 - - 2 c )  ( i  - -  2c) ] / 2  (5 - - 4 c ) }  -1 

o*  = { ] / ' t 3 5  - -  480c ~-  590 c 2 - -  232c 3 

- - 3 c  ] / ' 2  (5 - -  4c)}-{(5 (3 - -  2c) (1 - -  2c) ] / 2 ( 5 - - 4 c ) } ~  i 

The magnitude of the ar~ular velocity is at its minimum in the left-hand 
side of the interval (5.13) and at its maximum when 

a ~ a * *  = ( i T i  ~ 460c -b  256c 2) {32 (5 - -  4c) (3 ~ 2c) (1 - -  2c)} -1 

c * *  ~ c .  when o is close to 0.375 (6.6)  

a** ~ ~o when c is close to 0.5 (67) 

Fig.3 shows the part of the meridian which corresonds to the positive 
sign of the radical in (6.2). By changing the sign of the radical we obtain 

Fig. -5 

) 
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the remaining part of the merldlan, a curve symmerlcal with respect to the 
~-axls, and also shown in Flg.3. Fig.3a corresponds to the case (6.6), Fig. 
3b to the case (6.7). 

In the interval (5.8) the quantities n~ are positive, consequently the 
number of changes of sign of the coefficients of the polynomial (6.5) equals 
two. Thus the number of positive roots of this polynomial is not greater 
than two, and since H(O) > 0 and 

I I  ((~o) = - -  (5  - -  4c)  (3  - -  2c)  (1 - -  2c)  ((y° - -  o%) (~1 + ~o) × 

× { 2 c +  (5 - -  4c) (3 - -  2c) ( 1 - -  2C) Oo ~ } < 0  

w e  have only one root in the interval (5.13). Let us denote it by a** 

[I (~**) = O, 0 < ~** < ~o 
From (5.11) and (5.13) it follows that t h e  radical ~(o °-o) (~,-~i does 

not change the slgn in the interval (5.13). Let us assume that this radical 
is pgsltlve, and that the initial Instwnt of time Is o ~ 0 . From (5.12) 
and ~5.13) we can find that at instants of time which are close to the ini- 
tial instant dS/dv > 0 . Consequently, the sign of the radical J~ and cf 

are both the same and both are positive. 

Let us consider the curve (6.2), (6.~). When ~ is increasing, the vari- 
able ~ is decreasing from zero to Its minimum value o). (~*~ and then It is 
increasing to the value ~ (~o), and vardshlr~ at e . o~.. "The angle 
increases, reaching Its maximum at ~ - ~**, then decreases to the value 
a(@e ). The corresponding part of the curve investigated Is shown in Fig.~. 

~p 

I~. 6 

U j 

3 ! 

F~. 7 

When a - a. , the radlcal ~ ~ea.s~nLand ~a/d~ become.s neEta- 
tlve, @ dec~es from @a ~o zeta. ~he ~t or ~ne cu_-ve corresona~ o 
this ,~e is m~trlc tothe a~e ~ in ~.4 about the vert.leal l~e 
through the point dete~s~aed by the value a 0 .After the successive vat a- 
tlo~s of • from zero to ~, and then from qo to zero, we obtain the 
remaining p a r t  o f  the cmrve ~ ' 5 ) .  kben we t r ~ f e r  i t  on the sm.fs~e' of  
revolution whose meridian is shown in F~.3, we ob~in the fixed hodog~aph 
shown in ILia.6. 

By (5.9) and (5.10) we flnd out t~hat when o - 0 , then p - O, ~: =- 1, 
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v2= vs= O. Hence, at the initial instant the p-axls is vertical, the center 
of gravity is above the point of support, the tip of the angular velocity 
vector coincides with the point 1 of the moving hodograph (Fig.2). The cor- 
responding point on the fixed hodograph ls denoted by the same numeral 1 
(Flg.6). In the successive motion of the body when the moving hodograph 
rolls on the fixed hodograph, the points of these curves which come into 
contact with each other are marked, respectively, by 2,3,4 and so on (F~.7). 
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